A quasi-equilibrium problem is an equilibrium problem where the constraint set does depend on the reference point. It generalizes important problems such as quasi-variational inequalities and generalized Nash equilibrium problems. We study the existence of equilibria on unbounded sets under coerciveness condition adapted from one specific for quasi-variational inequalities recently proposed by Aussel and Sultana. We discuss the relation of our results with others that are present in the literature.
Introduction
By equilibrium problem, Blum and Oettli [7] , mean the problem of finding:
x 0 ∈ C such that f (x 0 , y) ≥ 0 for all y ∈ C,
where a subset C of R n and a function f : R n × R n → R are given. Classical existence results for this problem on an unbounded constraint set usually involves the same sufficient assumptions as for bounded constraint set together with a coerciveness condition, see for instance [5, 6, 11] , and their references.
We consider next the problem which is our main object of interest in this paper. The quasi-equilibrium problem, (QEP) for short, consists of an equilibrium problem in which the constraint set depends on the currently analyzed point. More precisely, given a function f : R n × R n → R and a set-valued map K : C ⇒ C, where C is a non-empty subset of R n , (QEP) consists of find x 0 ∈ K(x 0 ) such that f (x 0 , y) ≥ 0 for all y ∈ K(x 0 ).
(2)
Preliminaries and basic results
Let S be a subset of R n . The convex hull and the closure of S will be denoted by co(S) and S, respectively. We denote the open ball and the closed ball in R n with center 0 and radius ε > 0 by B ε and B ε , respectively.
Let us now recall some classical definitions of generalized convexity. A real-valued function h : R n → R is said to be • convex if, for any x, y ∈ R n and t ∈ [0, 1], we have h(tx + (1 − t)y) ≤ th(x) + (1 − t)h(y);
• quasi-convex if, for any x, y ∈ R n and t ∈ [0, 1], we have h(tx + (1 − t)y) ≤ max{h(x), h(y)};
• semi-strictly quasi-convex if, it is quasi-convex and, for any x, y ∈ R n such that h(x) = h(y) the following holds h(tx + (1 − t)y) < max{h(x), h(y)} for all t ∈]0, 1[.
It is clear that every convex function is semi-strictly quasi-convex. A relevant and useful characterization of quasi-convexity is that a function is quasi-convex if and only if, its lower sub-level sets are convex. A good reference for quasi-convex functions and in particular for quasi-convex optimization is [1] . Let K : X ⇒ Y be a set-valued map with X and Y two topological spaces. The map K is called:
• closed when its graph is a closed subset of X × Y ,
• lower semi-continuous at x 0 when for each open set V such that K(x 0 ) ∩ V = ∅ there exists a neighbourhood U of x 0 such that K(x) ∩ V = ∅ for all x ∈ U ,
• upper semi-continuous at x 0 when for any neighbourhood V of K(x 0 ), there exists a neighbourhood U of x 0 such that K(U ) ⊂ V .
The usual definition of lower semi-continuity of a set-valued map using sequences/nets is equivalent to the one given here using open sets (see for instance Proposition 2.5.6 in [19] ).
Another important result is stated bellow.
Lemma 2.2. Let X, Y be two topological spaces, T : X ⇒ Y be a set-valued map and x 0 ∈ X. If T is lower semi-continuous at x 0 , then any set-valued map S : 
Lemma 2.3. Let A and B be two convex and non-empty subsets of R n . If A is open and
Then, the set-valued map H is lower semi-continuous.
The following result is part of Theorem 5.9 in [27] .
Given a set-valued map T : X ⇒ X, a point x ∈ X is said to be a fixed point of T if, x ∈ T (x). We denote Fix(T ) the set of fixed points of T . We state below the well-known Himmelberg's fixed point theorem.
Theorem 2.1 (Theorem 2 in [21] ). Let A be a non-empty and convex subset of a Hausdorff, locally convex topological vector space Y , and let T : A ⇒ A be a set-valued map. If T is upper semi-continuous with convex, closed and non-empty values, and T (A) is contained in some compact subset N of A, then Fix(T ) is a non-empty set.
As a consequence of Himmelberg's fixed point theorem and one of the famous Michael's selection theorems we obtain the following proposition. Given a set-valued map T : X ⇒ Y and given y ∈ Y , the fiber of T at y is the set
The following result corresponds to Theorem 4 in [22] but here the open graph is replaced by open fibers. Theorem 2.2. Let X be a compact, convex and non-empty subset of a locally convex topological vector space and T 1 , T 2 : X ⇒ X be two set-valued maps. If the following assumptions hold 1. T 1 is upper semi-continuous with convex, compact and non-empty values,
T 2 is convex-valued with open fibers and Fix(T
We now recall some different notions of generalized monotonicity (the ones we will use from now on). A set-valued map T : R n ⇒ R n is said to be:
• pseudo-monotone on a subset C of R n if, for all x, y ∈ C and any x * ∈ T (x), y * ∈ T (y), the following implication holds
• quasi-monotone on a subset C of R n if, for all x, y ∈ C and any x * ∈ T (x), y * ∈ T (y), the following implication holds
• properly quasi-monotone on a convex subset C of R n if, for all x 1 , . . . , x m ∈ C and any x ∈ co({x 1 , . . . , x m }), there exists i such that
In a similar way, a given function f : R n × R n → R, it is said to be:
• pseudo-monotone on a subset C of R n if, for all x, y ∈ C the following implication holds
It is well-known that for set-valued maps, pseudo-monotonicity implies proper quasi-monotonicity which in turn implies quasi-monotonicity. However, in the case of functions, neither pseudo-monotonicity implies proper quasi-monotonicity, nor the last one implies quasi-monotonicity in general, see the counter-examples in [5] .
Another important concept is the upper sign condition, which is given first for setvalued maps (see [3, 20] ) and later for functions (see for instance [2, 8] ). Let C be a convex subset of R n . For a given t ∈ R, and x, y ∈ R n , let x t = (1 − t)x + ty.
• A set-valued map T : R n ⇒ R n is said to be upper sign continuous on C if, for all x, y ∈ C, the following implication holds
• A function f : R n × R n → R is said to have the upper sign property on C if for all x, y ∈ C the following implication holds:
Recently in [13] , the authors showed that under suitable assumptions the upper sign property is strongly related to the pseudo-monotonicity.
Nessah and Tian introduced the following definition in [24] . A function f : R n × R n → R is said to be locally dominated in its first variable on a subset C of R n if, for any
Clearly, f is locally dominated in its first variable on C if and only if, the family of sets {F x } x∈C has the finite intersection property.
Proposition 2.1 in [24] characterizes the local dominatedness of a function and is recalled below.
which is lower semi-continuous in its second variable, and C be a convex and non-empty subset of R n . Then f is locally dominated in its first variable on C if and only if, for any x 1 , . . . , x m ∈ C, there exists y 1 , . . . , y m ∈ C such that, for every subset I ⊂ {1, . . . , m} and any
Remark 3. From the previous result, we see that every properly quasi-monotone function is locally dominated in its first variable, provided that the function is lower semicontinuous with respect to its second argument.
Let C be a convex and non-empty subset of R n and f : R n × R n → R be a function. We say that f is locally dominated * in its first argument on C if, for any
It is clear that local dominatedness * implies local dominatedness. However the converse is not true in general.
Since f (x, 0) = 0, for all x ∈ R, we deduce that f is locally dominated in its first variable on R. However, for
In a similar way to Remark 3, we will show that proper quasi-monotonicity implies local dominatedness * under suitable assumptions. Proposition 2.3. Let f : R n × R n → R be a function and C be a convex and nonempty subset of R n . If f is properly quasi-monotone and for each x ∈ C the function f (x, ·) is quasi-convex and lower semi-continuous, then f is locally dominated * in its first argument on C.
Proof. For any {x 1 , . . . , x m } ⊂ C, the proper quasi-monotonicity of f implies
which is a convex, closed and non-empty subset of R n . We denote by K := co({x i : i ∈ I}) and C i := F (x i )∩K, for all i ∈ I. Clearly, C i is convex, closed and non-empty. Moreover,
By Lemma 1 in [16] we obtain i∈I C i = ∅, that means there exists
Analogous to Proposition 1.2 in [5] , we will show that local dominatedness * and quasi-monotonicity are related.
for all t ∈]0, 1[. Hence, by locally dominatedness * , we deduce f (y, x) ≤ 0.
Main results
Let f : R n × R n → R be a function, C be a non-empty subset of R n and K : C ⇒ C be a set-valued map. The quasi-equilibrium problem associated to f and K is said to satisfy the uniform coerciveness condition if the following two conditions hold:
We will call coercive radius of the quasi-equilibrium problem the real number ρ in the previous definition.
In the spirit of Proposition 1 in [4] , we present the following statement.
Proposition 3.1. Let C be a non-empty subset of R n , K : C ⇒ C be a set-valued map and f : R n × R n → R be a function. The following hold:
1. If f is pseudo-monotone , then for all z ∈ QEP(f, K) there exists ρ z > 0 such that ∀x ∈ K(z) \ B ρz , ∃y ∈ K(z) with y < x and f (x, y) ≤ 0.
2. If the map K is convex-valued and f has the upper sign property, then for all z ∈ MQEP(f, K) there exists ρ z > 0 such that
Proof. The first case is a straightforward adaptation of Proposition 1 in [4] .
In the second one, let x be an element of MQEP(f, K) and take ρ x > x . For all
The following proposition is an extension of Lemma 2.2 in [6] .
Proposition 3.2. Let f : R n × R n → R be a function, C a non-empty subset of R n and K : C ⇒ C be a set-valued map. If the quasi-equilibrium problem associated to f and K satisfies the uniform coerciveness condition with coercive radius ρ , and the following assumptions hold 1. for each x ∈ Fix(K), the following implication holds
Proof. If x 0 = ρ, it is clear that x 0 ∈ K(x) \ B ρx 0 . By the uniform coerciveness condition, there exists z ∈ K(x 0 ) with z < x 0 = ρ such that f (x 0 , z) ≤ 0. If there exists y ∈ K(x 0 ) such that f (x 0 , y) < 0, then by assumption 1 we have f (x 0 , ty + (1 − t)z) < 0 for all t ∈]0, 1[. However, we get a contradiction with the first assumption when we take t small enough, because the point ty + (1 − t)z is an element of K(x 0 ) ∩ B ρ . Else x 0 < ρ and there exists y ∈ K(x 0 ) \ B ρ such that f (x 0 , y) < 0, we repeat the previous steps with x 0 in place of z and we again obtain a contradiction.
Remark 4. It is clear that assumption 1 in the previous result is fulfilled when f is semi-strictly quasi-convex in its second argument.
We are ready for our main result without upper semi-continuity. Theorem 3.1. Let f : R n × R n → R be a function, C a non-empty, convex and closed subset of R n and K : C ⇒ C be a set-valued map. If the quasi-equilibrium problem associated to f and K satisfies the uniform coerciveness condition with coercive radius ρ and the following properties hold:
• the map K is lower semi-continuous with convex and non-empty values,
• the set Fix(K) is closed,
• for each x ∈ Fix(K), the following implication holds Proof. The set-valued map K ρ : C ⇒ C defined by
for all x ∈ C, is lower semi-continuous, due to Lemmas 2.1, 2.3 and 2.2, with convex and non-empty values. By Proposition 2.1, there exists a fixed point of K ρ . Moreover, it is clear that Fix(K ρ ) = Fix(K) ∩ B ρ .
1. In the first case, the set-valued map G ρ :
is lower semi-continuous, again due to Lemma 2.1 and Lemma 2.2. We now define the set-valued map J 1 : C ⇒ C by
which is lower semi-continuous due to Lemmas 2.5 and 2.4. Since K ρ (C) is relatively compact, if J 1 is non-empty valued, then by Proposition 2.1 there exists x 0 ∈ Fix(J 1 ), that means x 0 ∈ Fix(K ρ ) and there exists x 1 , . . . , x m ∈ G ρ (x 0 ) such that x 0 ∈ co({x 1 , . . . , x m }). However, this is a contradiction with the fact that f is properly quasi-monotone. Hence, there exists x 0 ∈ C such that J 1 (x 0 ) = ∅, which in turn implies that x 0 ∈ Fix(K ρ ). Clearly,
Thus, since f has the upper sign property we have that x 0 ∈ QEP(f, K ρ ), due to [2, Proposition 3.1].
2. Now, in the second case, we consider R ρ : Fix(K ρ ) ⇒ C defined as
which is lower semi-continuous with convex values. Thus, the set-valued map J 2 : C ⇒ C defined as
is lower semi-continuous with convex values. If J 2 is non-empty valued, then again by Proposition 2.1 there exists x 0 ∈ J 2 (x 0 ), that means x 0 ∈ Fix(K ρ ) and
Finally, in both cases, the result follows from Proposition 3.2.
Remark 5. A few remarks are needed about the previous result.
1. It is clear that every function f : R n × R n → R which is properly quasimonotone and has the upper sign property vanishes on the diagonal of R n × R n .
2. The lower semi-continuity of R could be deduced from the upper semi-continuity of f in its second argument and the lower semi-continuity of K. Moreover, R is convex valued provided that f is quasi-convex in its second variable.
As a direct consequence, we recover the following results in the finite dimensional setting. 
the following implication holds
Then the equilibrium problem associated to f and C admits at least a solution. Corollary 3.3 (Theorem 4.5 in [2] ). Let f : R n × R n → R be a function, C be a convex, compact and non-empty subset of R n , and K : C ⇒ C be a set-valued map. Suppose that the following properties hold
K is closed and lower semi-continuous with convex values, and int(K(x)) = ∅,
for all x ∈ C;
f is properly quasi-monotone;
3. f is semi-strictly quasi-convex and lower semi-continuous with respect to its second argument; 4. for all x, y ∈ R n and all sequence (y k ) k ⊂ R n converging to y, the following implication holds
5. f has the upper sign property.
Then, the quasi-equilibrium problem admits a solution.
Corollary 3.4 (Theorem 3 in [26] ). Let C be a compact, convex and non-empty subset of R n , K : C ⇒ R n and K a : C ⇒ C be two set-valued maps such that K a (x) = K(x) ∩ C, and f : C × C → R be a function. If the following assumptions hold 1. K a is upper and lower semi-continuous with convex, compact and non-empty values, 2. f is continuous and f (x, ·) is convex, for all x ∈ C,
then the quasi-equilibrium problem admits at least a solution.
On the contrary to Theorem 3.1, now we state a result without lower semi-continuity. We can consider it as the non-compact version of Theorem 5 in [22] , in the finite dimensional setting.
Theorem 3.5. Let C be a convex, closed and non-empty subset of R n , K : C ⇒ C be a set-valued map and f : R n ×R n → R be a function. If the quasi-equilibrium problem associated to f and K satisfies the uniform coerciveness condition with coercive radius ρ and the following properties hold:
1. K is closed with convex and non-empty values, 2. f (·, y) is upper semi-continuous, for all y ∈ C,
5.
f vanishes on the diagonal of C × C, 6. for each x ∈ Fix(K), the following implication holds
Proof. We denote C ρ the set C ∩ B ρ . The set-valued maps K ρ , T : C ρ ⇒ C ρ defined as The previous result is strongly related to Theorem 3 in [28] . The two set of conditions differ in two aspects, first the authors in [28] considered that the function f satisfies that for any x 1 , . . . , x m ∈ C and any
Here it is replaced by the quasi-convexity in the second argument of f and the fact that f vanishes on the diagonal of C × C. Both assumptions are independent in general, in [29] the authors show some examples about it. The second difference is the coerciveness conditions, in [28] they considered that there exist a non-empty, compact and convex set Z ⊂ C and non-empty W ⊂ Z such that K(W ) ⊂ Z and Proof. The set-valued map K ρ : C ⇒ C defined by
for all x ∈ C, is lower semi-continuous, due to Lemmas 2.1, 2.3 and 2.2. Moreover, it has convex and non-empty values, and graph(K ρ ) = graph(K) ∩ (C × B ρ ). Thus, K ρ is closed. Now, we define g :
Since K ρ is closed, we deduce that g is lower semi-continuous. Moreover, as K ρ is convex valued, the function g is convex with respect to its second argument. So, for each x, w ∈ C, we define
Clearly, F x (w) is a closed convex and non-empty subset of C.
By the third assumption we have for any w 1 , . . . , w n ∈ C, it holds
Thus, there exists z ∈ co({w 1 , . . . , w m }) such that
It is not difficult to see that z ≤ ρ. Hence z ∈ i∈J F x (w i ).
So, for each x ∈ C, the family of sets {F x (w)} w∈C has the finite intersection property. Since there exists w ∈ C such that F x (w) is compact, we have w∈C F x (w) = ∅. Thus, the set-valued map S : C ⇒ C defined by
is compact, convex and non-empty valued. We will show that S is closed. Indeed, let (x n , y n ) n∈N be a sequence in the graph of S such that it converges at (x, y). For all n ∈ N f (w, y n ) + g(x n , y n ) ≤ g(x n , w) for all w ∈ C.
Taking w ∈ K ρ (x n ) we deduce y n ∈ K ρ (x n ), which in turn implies y ∈ K ρ (x). As K ρ is lower semi-continuous, for all w ∈ K ρ (x) there exists (w n ) n∈N a sequence in C such that it converges at w and w n ∈ K ρ (x n ) for all n ∈ N. By the closeness of set M , one has f (w, y) ≤ 0. So, it holds f (w, y) + g(x, y) ≤ g(x, w) for all w ∈ C.
Thus, y ∈ S(x). Additionally, as S(C) is relatively compact, S is upper semicontinuous. Thus, S admits at least a fixed point, due to Theorem 2.1, that means there exists x 0 ∈ C such that
Taking w ∈ K ρ (x 0 ) in the previous inequality we have
Finally, the result follows from Proposition 3.2.
Remark 6. It is clear from the proof that the assertion remains valid if for each x ∈ C, f is locally dominated * on K(x) is replaced by the weaker for each x ∈ C, f is locally dominated on K(x) ∩ B ρ , where ρ is the coercive radius.
Applications
In this section, we consider applications to the study of solutions of two particular problems. The first one is a quasi-variational inequality and the second is a generalized Nash equilibrium problem.
Quasi-variational inequality
Given a subset C of R n and two set-valued maps T : R n ⇒ R n and K : C ⇒ C, the set QVI(T, K) denotes the solution set of the quasi-variational inequality problem {x ∈ C : x ∈ K(x) and exists x * ∈ T (x) such that x * , y − x ≥ 0, ∀y ∈ K(x)}.
The quasi-variational inequality problem associated to T and K is said to satisfy the uniform coerciveness condition if the following two conditions hold:
1. there exists ρ > 0 such that K(w) ∩ B ρ = ∅, for all w ∈ C, 2. for each z ∈ Fix(K), there exists ρ z ∈]0, ρ[ such that
We will call coercive radius of the quasi-variational inequality problem the real number ρ in the previous definition. Now, we consider the function f :
It is clear that QEP(f, K) = QVI(T, K), provided T has compact and non-empty values.
Lemma 4.1. The quasi-variational inequality problem associated to T and K satisfies the uniform coerciveness condition if and only if, the quasi-equilibrium problem associated to f (defined in (5) ) and K satisfies the uniform coerciveness condition.
As a direct consequence of the previous lemma and Theorem 3.1 we obtain the following result. for any given strategy vector x −ν of the rival players. The solution set of problem (6) is denoted by Sol ν (x −ν ). Thus, a generalized Nash equilibrium is a vectorx such that x ν ∈ Sol ν (x −ν ), for any ν.
Associated to a GNEP, there is a function f N I : R n × R n → R, defined by
which is called Nikaidô-Isoda function and was introduced in [25] . Additionally, we define the set-valued map K : C ⇒ C as In this case, the real number ρ is called coercive radius of GNEP. Remark 8. When every objective function is differentiable, our coerciveness condition implies the one proposed by Aussel and Sultana in [4] .
Thanks to Lemmas 4.2 and 4.3, we have the following result on the existence of solutions of a GNEP. Theorem 4.2. For any ν ∈ {1, 2, ..., p}, let C ν be a non-empty, closed and convex subset of R nν , θ ν : R n → R be a function and K ν : C −ν ⇒ C ν be a set-valued map. If the GNEP satisfies the coerciveness condition with coercive radius ρ, then it admits a solution provided that for each ν, θ ν is continuous and convex with respect to the x ν variable, and one of the following assumption holds:
1. The set Fix(K) is closed and for each ν, the map K ν is lower semi-continuous with non-empty and convex values.
2. For each ν, the map K is closed with convex and non-empty values, and the set
is open.
The previous result is strongly related to Theorem 5 in [4] . However, it is important to notice that in our first case the constraint set-valued maps are not closed. In the second case, the constraint maps are not lower semi-continuous. Moreover, both cases are not differentiable, and it is possible that the images of the constraint maps could have empty interior.
